In this work we show, on a manifold of any dimension, that arbitrarily near any smooth diffeomorphism with a homoclinic tangency associated to a sectionally dissipative fixed or periodic point (i.e. the product of any pair of eigenvalues has norm less than 1), there exists a diffeomorphism exhibiting infinitely many Hénon-like strange attractors. In the two-dimensional case this has been proved in [E. Colli, Infinitely many coexisting strange attractors, Ann. Inst. H. Poincaré Anal. Non Linéaire 15 (1998) 539-579]. We also show that a parametric version of this result is true. © 2007 Elsevier Masson SAS. All rights reserved.
Introduction
The two-parameter Hénon family of transformations of the plane was studied by Hénon [3] to show, via a numerical approach, how a simple model of an invertible dynamical system suggests the presence of a nonhyperbolic strange attractor. However, the possibility that the attractor observed by Hénon was just a periodic orbit with very high period could not be excluded. In a remarkable work Benedicks and Carleson [1] showed that this is not the case and they exhibited a positive Lebesgue measure subset of parameters (a, b) for which the map h a,b has a nonhyperbolic strange attractor. An important application of Benedicks-Carleson's methods [1] was done by Mora and Viana in [4] in the setting of homoclinic bifurcation on surfaces. More precisely, they showed that generic one-parameter families of surfaces diffeomorphisms unfolding a homoclinic tangency always include the presence, for a Lebesgue positive measure set of parameter values, of Hénon-like strange attractors or repellers.
The result in [4] was extended by Viana [15] to homoclinic bifurcations on manifolds of any dimension. Later on, Colli [2] showed that a diffeomorphism of surfaces having a homoclinic tangency can be approximated by diffeomorphisms exhibiting not only a strange attractor, but also by diffeomorphisms displaying infinitely many of such strange attractors.
Our purpose in the present work is to extend the existence of infinitely many strange attractors in [2] to higher dimensions sectionally dissipative homoclinic bifurcations. Our main result is as follows In the statement above, smooth means that ϕ : M → M is C ∞ , M being a n-dimensional manifold. We also recall that a homoclinic tangency is just a tangency between the stable and unstable manifolds of a saddle periodic point. The saddle is called (codimension-one) sectionally or strongly dissipative if it has just one expanding eigenvalue and the product of any two eigenvalues has norm less than one. As in [15] , we define attractor of a transformation ϕ to be a compact, ϕ-invariant and transitive set Λ whose basin W s (Λ) = {z ∈ M: dist(ϕ n (z), Λ) → 0 as n → ∞} has nonempty interior. We call the attractor strange if it contains a dense orbit {ϕ n (z 1 ): n 0} displaying exponential growth of the derivative, that is, Dϕ n (z 1 ) e cn for all n 0 and some c > 0.
We also obtain a one-parameter version of Theorem A. More precisely, Theorem B. For a generic subset of smooth one-parameter families {ϕ μ } of diffeomorphisms, on any manifold, that unfolds a homoclinic tangency at parameter value μ = 0 associated to a sectionally dissipative fixed (or periodic) point, there exist sequences I n → 0 of intervals and dense subsets E n ⊂ I n such that for all μ ∈ E n , the corresponding map ϕ μ displays infinitely many nonhyperbolic strange attractors.
By smooth one-parameter family of diffeomorphism we mean that Φ : R × M → M, Φ(μ, x) = (μ, ϕ μ (x)) is a C ∞ map and ϕ μ is a diffeomorphism for all μ.
It is worth to point out that diffeomorphisms with the homoclinic tangencies are not only approximated by ones displaying the phenomenon described before but also by ones exhibiting different striking phenomena. For instance, it has been shown that homoclinic tangencies are approximated by Newhouse's infinitely many sinks (attracting periodic orbits) [5, 6] and cascades of period doubling bifurcation [16] . Still, it is conjectured that such an important phenomenon concerning infinitely many attractors might be rare, in parameter terms, for parameterized families of diffeomorphisms going through bifurcations of homoclinic tangencies: a conjecture in [7] and [8] states that for most parameter values, the corresponding diffeomorphisms display only finitely many attractors.
It is also worth to point out, that in the direction of proving the existence of infinitely many strange attractors, some particular results have been found. In 1990 [14] , Gambaudo and Tresser constructed an example of a C 2 diffeomorphism in the two-dimensional disk exhibiting infinitely many hyperbolic strange attractors. In 2000 [11] , Pumariño and Rodriguez exhibited a C ∞ family of vector fields in R 3 , related to a saddle-focus connection, which, with a positive Lebesgue measure set in the parameter values, displays infinitely many Henón-like strange attractors.
Among the difficulties to extend the result in [2] from two to higher dimensions, we have that projections along the invariant foliations (in our case unstable foliations) of a basic set may not have a much regular metric behavior: in general, these projections are not Lipschitz but just Hölder continuous. We follow some ideas presented in [10] to bypass these difficulties and also to obtain further estimates necessary to prove Theorems A and B. On the other hand, to construct strange attractors we need to display a high dimensional renormalization scheme for heteroclinic tangencies in 2-cycles and then apply results in [15] .
This work is organized as follows. In Section 2, we review the construction used to prove that infinitely many coexisting attracting periodic orbits for diffeomorphisms in high dimensions as presented in [10] . We take special care with the expansion and contraction rates of the basic sets involved. This chapter finishes with Theorem 1.1, which summarizes the facts established in the previous sections. In Section 3, we prove some preliminary machinery to show the main theorems. In Section 3.1, we describe a higher dimension version of the renormalization scheme in 2-cycles of periodic points with a heteroclinic tangency considered in [2] , following ideas in [9] and [15] . This renormalization scheme depends on a delicate relation between the contracting and expanding eigenvalue of periodic points involved. In Section 3.2, we give a brief summary of the main result in [15] and derive several consequences of its proof. In Section 3.3, we make a special perturbation for one-parameter families of diffeomorphisms to obtain new families which have linearizing coordinates in a neighborhood of the periodic points, as in Section 3.1. Such a perturbation is necessary since in the renormalization scheme of Section 3.1, we assume that there exist linearizing coordinates in a neighborhood of the periodic points. In Section 4, we prove Theorems A and B. The proofs are consequence of the a main lemma showed in Section 4.4. The proof of Theorem B is more delicate and we have to be more careful in applying the main lemma.
Preliminaries
In this section, we follow ideas and rewrite some results in [10] to create a language which we shall use in the proof of the main theorems. We start by giving a formal definition of stable thickness for a hyperbolic basic set whose stable foliation have codimension one. We use a condition given in [10] to obtain a basic hyperbolic set with "intrinsically" C 1 unstable foliations. Moreover, the projection along leaves of W u (Λ 1 ) is intrinsically C 1 . In the next section we give a formal definition of unstable thickness for a hyperbolic basic set Λ 1 whose unstable foliation has codimension bigger than one. In this case we assume that Λ 1 has a periodic point displaying a unique weakest contracting eigenvalue. Later on, we show that we can obtain such a condition.
Cantor sets and thickness
A Cantor set in R, is a compact, perfect and totally disconnected set. Let K be a Cantor set and I its convex hull, i.e. the minimal (closed) interval of R containing K. A gap of K is a connected component of R \ K. A presentation of K is an ordering U = {U n } n 1 of the bounded gaps. An ordered presentation of K is a presentation U such that (U n ) (U m ) for all n > m, where (U n ) denotes the length of U n . The bridge at u ∈ ∂U n , U n ∈ U , is the component
where U is any ordered presentation of K,
and where C is the bridge at u ∈ ∂U n . This definition of thickness does not depend on the ordered presentation U (see [9] ). Let k ∈ K. The local thickness of K at k is the number Let Λ be a nontrivial basic set of a C 2 diffeomorphism ϕ: 5xM → M, whose stable foliation is of codimension one, i.e., such that dimW
. This is independent of the choice of φ, as a consequence of the fact that (under codimension-one assumption) the holonomy maps (i.e., the projections along the leaves) of the stable foliation of Λ can be extended to C 1 maps. Actually, this smoothness of the holonomy of W s (Λ), together with the transitivity of ϕ| Λ , also implies that τ s (Λ, z) has the same value at every z ∈ W s (Λ). We denote by τ s (Λ) this constant value and call it the local stable thickness of Λ. This is a strictly positive (finite) number and depends continuously on the diffeomorphism, in the sense that if Λ ψ denotes the smooth continuation of Λ for a diffeomorphism ψ which is C 2 -close to ϕ, then τ s (Λ ψ ) is close to τ s (Λ). The Local unstable thickness τ u (Λ, z) and τ u (Λ) are defined in a similar way, when W u (Λ) has codimension one. In particular, both the stable thickness and unstable thickness are well-defined if M is a surface.
In the proof of the main theorems we will use the following two important results involving thick Cantor sets,
The next result is used by Colli [2] to show the existence of infinitely many Hénon-like strange attractors for diffeomorphisms on a manifold of dimension two.
Proposition 2.2 (Linking Lemma
Then, for any ε > 0, there is β such that
has two stable sublinks.
Intrinsically smooth foliations of hyperbolic sets
Let X ⊂ R m be a compact set and ϕ : X → R n be continuous. We say that ϕ is intrinsically C 1 on X if there exists a continuous map ϕ :
Such a ϕ (which is, in general, far from unique) is called an intrinsic derivative of ϕ. We say that ϕ is intrinsically C 1+γ on X if it admits some γ -Hölder continuous intrinsic derivative.
Remark 1.
Let ϕ : X → R n be Lipschitz continuous and U ⊂ X × X be such that { x − z : (x, z) ∈ U } is bounded away from zero. Then, there is a Lipschitz continuous map :
Let q 0 be a transverse homoclinic point associated to some hyperbolic fixed (or periodic) saddle point p of a C 2 diffeomorphism ϕ : M → M. We assume q 0 / ∈ W ss (p) and another mild (open and dense) transversally condition to be stated in (1) below. Then, our goal, in this section, is to prove that there exists a hyperbolic basic set Λ 1 containing p and q 0 and whose unstable foliation is intrinsically C 1 . We assume that ϕ is C 2 linearizable on a neighborhood U of p.
Let 
Up to a convenient choice of Riemannian metric we have, for σ = |σ 1 |, λ = λ 1 | = |λ w | and θ = |λ w+1 |,
where ε > 0 is fixed small enough so that θ + 2ε < λ − 2ε < λ + 2ε < σ − 2ε. (In the case w = s, i.e., if all contracting eigenvalues have the same norm, E ss = {0}, W ss (p) = {p} and we leave θ undefined.) Now, we will construct a hyperbolic set whose unstable foliation is intrinsically C 1 using the transversality between W s (p) and W u (p) at q 0 . Fix q, r ∈ U in the orbit of q 0 in such a way that q ∈ W s (p) loc and r = ϕ −N (q) ∈ W u (p) loc . Take
where δ > 0 is small and ρ > 0 is fixed in such a way that {q, r}
(We suppose that δ is conveniently adjusted so that ϕ N +n (V ) cuts V in two cylinders. We define
It is well know that Λ 1 is a nontrivial hyperbolic basic set, see [12] . We assume the following generic (open and dense) condition
Here D denotes the usual derivative and (1) means that unstable/weak-stable directions are not sent to strong-stable directions by φ = ϕ N . With this condition it is shown in [10] that for every point x ∈ Λ 1 , the intrinsic tangent space to Λ 1
The fact that we have a good property for the unstable foliation is showed in the following result.
Proposition 2.3.
(1) Suppose that ϕ N satisfies condition (1) above and consider Λ 1 also as above. Then, the map F :
Thickness in higher dimension
In this subsection we want to define the local unstable thickness of a basic set with unstable foliation of codimension greater than one.
Consider Λ 1 as it was constructed in the previous section. We suppose that for a periodic point p, Dϕ(p) has a unique (necessarily real) weakest contracting eigenvalue λ = λ 1 , and ϕ is C 2 linearizable near p. Then, we consider π :
as the local unstable thickness of Λ 1 at p. It is shown in [10] that the definition does not depends on π as taken above, also it is strictly positive and varies continuously with the diffeomorphism: if ψ is a C 2 -small perturbation of
π w is a homeomorphism onto its image K w and moreover π −1 w is intrinsically C 1+γ on K w , see [10] . The fact that π • π −1 w is an intrinsically C 1 map with
and the following result (see [10] ):
It is also shown that K w is a dynamically defined Cantor set, in the same sense as in ( [9] , Chapter IV), i.e.,
The following result shows that the definition of unstable thickness does not depend on transverse sections to W u (Λ 1 ). We will use such fact in Section 4.
Unique least contracting eigenvalue
Let {ϕ μ } be a C ∞ one-parameter family of diffeomorphisms generically unfolding at μ = 0 a quadratic homoclinic tangency associated to saddle fixed (or periodic) point p of ϕ 0 . We also assume once more that there are C 2 μ-dependent coordinates (ξ 1 , . . . , ξ u , ζ 1 , . . . , ζ s ) linearizing the ϕ μ , for μ near zero, on a neighborhood U of the analytic continuation p μ of p. Moreover, these coordinates can be taken to satisfy conditions (C1)-(C5) of Section 2.2.
We assume in this section that Dϕ 0 (p) has exactly two weakest contracting eigenvalues and these are complex conjugate numbers, which means that w = 2, λ 1 = λe −iγ , λ 2 = λe iγ with λ > |λ 3 | and γ ∈ R \ {kπ: k ∈ Z}. Here we may even assume that Dϕ μ (p μ )| E w is conformal with respect to the Euclidean metric introduced by coordinates ζ 1 , ζ 2 . On the other hand, we may take, say for μ 0, points For each fixed μ = μ j and every sufficiently large n 1, there is a neighborhood of
is a ϕ N +n μ -invariant hyperbolic set and ϕ N +n μ |Λ(j, n) is conjugate to the 2-shift. Moreover, given any periodic point p ∈ Λ(j, n), there are parameter valuesμ arbitrarily close to μ j for which ϕμ has homoclinic tangencies associated to (the analytic continuation of)p. We considerp =p(j, n) to be the unique ϕ n+N μ -fixed point in Λ(j, n) \ {p μ }. Clearly, the orbit ofp passes arbitrarily close to p μ if j and n are sufficiently large. The following result displays our goal in this subsection, 
The generic assumption in proposition above is (cf. (1)) μ=0 (r 0 ), and so also A
From the proof of the Proposition 2.5 above, we can obtain that dim
We conclude that there exist a sequence of parameter valuesμ j → 0 such that ϕμ j exhibits homoclinic tangencies associated top j → p and Dϕ
, where k j is the period ofp j , has a unique weakest contracting eigenvalue.
Thick invariant Cantor sets
Let ϕ be a C ∞ diffeomorphism with a quadratic homoclinic tangency at q 0 associated to a fixed (or periodic) point p. We suppose that dim W u (p) = 1 and Dϕ(p) is sectionally dissipative.
Let {ϕ μ } be a C ∞ one-parameter family of diffeomorphisms with ϕ 0 = ϕ, that generically unfolds the homoclinic tangency. We suppose once more that the ϕ μ , μ near zero, admits It is shown in [10] that, there are a constant N (positive integer) and, for each positive integer n, a reparametrization μ = M n (ν) of the variable μ and (μ, n)-dependent coordinates transformation
The existence of a hyperbolic basic set Λ 2 with arbitrarily large thickness follows from the fact that for the map x → x 2 + ν, and also for ψ −2 : (x, Y ) → (x 2 − 2, Ax), there exist invariant expanding Cantor sets K j with thickness τ (K j ) → +∞ as j → +∞. Moreover, these K j are transitive and have a dense subset of periodic orbits. It follows that each K j has, for n large, μ = M n (ν) and ν close to −2, an analytic continuation as a hyperbolic basic set K j (n, μ) of
In particular, the set K j (n, μ) has codimension-1 stable foliation and stable thickness τ (K j (n, μ)) close toτ (K j ) 1. Then, we just take Λ 2 = Λ 2 (μ) = Θ n,ν (K j (n, μ)) with j and n large and μ = M n (μ), ν close to −2. It is also shown that parameter values ν n → −2 can be taken in such a way that
, which are heteroclinic related and W u (Q(n, ν n )) also has nontransverse intersections with W s (P (n, ν n )).
, where x is a periodic point of f of period j . We conclude that if σ 2 is the expanding eigenvalue of Dϕ k μ (z), then,
and, therefore, σ 2 n+N √σ → 1, as n → +∞. For μ near zero and
for a large constantk, and if
for n sufficiently large, which means that, S 2μ < λ 0 < 1 for n large, where λ 0 does not depend on n. From the discussion above, together with Sections 2.2-2.4 we can conclude this section with the following result which is a summary of this section. 
Renormalization scheme and quadratic-like families
In this section we describe a higher-dimensional version of the renormalization scheme in 2-cycles of periodic points with a heteroclinic tangency. We follow ideas from [15] and [9] . We also state and comment about quadraticlike families as considered in [15] . Finally, we make a delicate discussion on how to perturb a one-parameter families of diffeomorphisms to obtain linearizability.
Renormalization scheme in 2-cycles
Let ϕ be a C ∞ diffeomorphism having basic sets Λ 1 , Λ 2 Fig. 1 . We suppose that Dϕ(p 1 ) is sectionally dissipative, (i.e. the product of any two of its eigenvalues has norm less than one). We also suppose that the tangency is quadratic.
Let {ϕ μ } be a C ∞ one-parameter family of diffeomorphisms with ϕ 0 = ϕ and generically unfolding the tangency. We assume that ϕ 0 is C 4 linearizable near p 1 and p 2 . As C k -linearizable is an open condition (see [13] ), we assume that the ϕ μ , μ close to zero, admit C 4 μ-dependent linearizing coordinates in a neighborhood of p 1 and p 2 . That is, there are neighborhoods U 1 of p 1 and U 2 of p 2 such that the expression of ϕ μ , μ small, in
where σ 1μ and σ 2μ are the expanding eigenvalue of Dϕ μ (p 1 ) and 
The hypothesis of nondegeneracy of the tangency amounts to having α = 0 and a = 0. Moreover, using a μ-reparametrization and μ-dependent linear changes of the space of coordinates, we may even assume a = 1, r(μ, 0, 0) = 0, R(μ, 0, 0) = 0 n−1 and ∂ ξ (μ, 0, 0) = 0.
We still have to consider the transition map among the neighborhoods U 2 of p 2 and U 1 of p 1 and their "transverse" intersection. We may suppose that r 0 = (1, 0) ∈ U 2 , then there is
From the transversality between W u (p 2 ) and W s (p 1 ), we have a μ = 0, for μ small. Now we fix A 0 3 a being a real constant. Fix N and N 1 as above. We denote Φ : Proof. We first describe a construction of Θ n,m . We start observing that if one looks at ϕ 
Consider the (n, m)-dependent reparametrization
Recall that β ∈ L(R n−1 , R). From (5), we have a = a n,m (μ) = −ασ
It is easy to check that for any given constant A 0 > 0, for (n, m) sufficiently large a n,m (μ) maps a small interval I n , in μ-space, Using the definition of η 0 = η n,m 0 (μ) and μ n,m (a), i.e. using (5), (6) and (7), we have
m (a, x, Y ). Then, the return map Φ N +n+N 1 +m in the (μ, η, J )-coordinates is given by
(μ, η, J ) −→ μ, α(ξ − 1) 2 + β · H + μ + r(μ, ξ − 1, H ), J 0 + γ (ξ − 1) + R(μ, ξ − 1, H ) ,
Then, the return map in (a, x, Y )-coordinates is given by
where
and
We have to show the following convergence:
To obtain the convergence, we choose a compact part of R n+1 , so that (a, x, Y ) is bounded by some constant, where the convergence will take place. Let K be a sufficiently large constant (there will be some slight abuse of notation when dealing with K).
Observe that the hypothesis implies that, for μ small,
In the proof of the convergence of the items (1)- (5), we will make use of (9) and (10) or their weaker versions. Recall that |σ 2μ · λ 2μ | < 1.
We start estimating parts (1), (2) converges to zero as n, m → +∞. It remains to estimate convergence ofθ n,m andΘ n,m to complete (1) and (2) . We have , ξ(a, x, Y ) − 1, H (a, x, Y ) and
converges to zero as n, m → +∞. For that, we write Taylor expansion of r, up to order 4 near (μ, 0.0). We recall that, ∂ ξ r and ∂ H r are zero at (μ, 0, 0),
where (9) and (10) .
We also write the Taylor expansion of R near (μ, 0, 0) up to order 2 and we use essentially the same argument as above applied to R. We have that
Then, this proves that
Moreover, the same kind of estimates apply to all derivatives up to order k, k 3, proving that this convergence (items (1)- (5)) holds in the C k topology. Since,φ as above is conjugated to φ(a,
in the C k topology, as n, m → ∞. 2
Quadratic-like families
Being motived by Theorem 3.1 above we will consider quadratic (or Hénon)-like families as in [15] . We say that Ψ = {ψ a } is a quadratic (or Hénon)-like family if {ψ a } is a C r one-parameter family of diffeomorphisms, r 3, and {ψ a } is sufficiently close to {φ a } = Φ, where φ(a, x, Y ) = (a, φ a (x, Y ) ) and φ a (x, Y ) = (1 − ax 2 , 0 n−1 ) , for all a. [15] .) Let 0 < c < log(2) and Ψ = {ψ a } be a quadratic ( In the theorem m denotes the Lebesgue measure and the set Λ above is called a strange attractor. In the proof of the Theorem 3.2 the point Z 1 is taken to be critical, in the sense that there exists a direction in the tangent space to M at Z 1 which is exponentially contracted by both positive and negative iterates of Dψ a . Clearly, the presence of such point is an obstruction to (uniform) hyperbolicity of the attractor.
Theorem 3.2. (See Viana
From the proof of the Theorem 3.2 above, it can be derived another properties of the set E = E(c, Ψ ): E is constructed from exclusions of parameters of a host interval (compact interval) Ω 0 ⊂ (1, 2) , which depends only on the quadratic family {φ a }. In fact the interval Ω 0 can be chosen near 2, such that if {ψ a } is sufficiently close to {φ a }, m(E) (1 − δ)|Ω 0 | for chosen δ > 0. However, if we consider only a finite number of exclusions of parameters of Ω 0 , we can see from the proof that they vary continuously with Φ = {φ a }. Considering this comment about properties of the set E we conclude the following Let {ϕ μ } be a C ∞ one-parameter family of diffeomorphisms unfolding a heteroclinic tangency at μ = 0 in 2-cycles involving periodic points p 1 and p 2 , as considered in the first part of this section. Then, by Theorem 3.1 there exists a sequence of host intervals Ω n,m in the μ-space, going to zero as n, m go to infinity, each one corresponding to Ω 0 by (μ, n, m)-reparametrization. Moreover, if we embed the family {ϕ μ } in a C ∞ two-parameter family ϕ μ,α }, we have that for each α sufficiently small, there is a sequence Ω n,m (α) of host intervals going to μ T (α), where μ T (α) is the value of the tangency between W s (p 2 (α)) and W u (p 1 (α) ). In addition, by the form of the (μ, n, m)-reparametrization, given in Theorem 3.1. It is easy to see that Ω n,m (α) depends continuously on α. And also, the convergence of the families in Theorem 3.1 is uniform in α. So, for each α small there is a set E n,m (α) ⊂ Ω n,m (α) with m(E n,m (α) > 0 and for all μ ∈ E n,m (α), ϕ μ,α has a strange attractor, by application of Theorem 3.2. These assumptions imply the following Remark 2. Fix α 0 > 0 small. Then, given ε > 0, there are n 0 = n 0 (α 0 ), m 0 = m 0 (α 0 ) such that for all Ω n,m (α) with 0 < α < α 0 , n > n 0 and m > m 0 we have 
Special perturbation
Let {ϕ μ } be C ∞ a one-parameter family of diffeomorphisms. We want to show that if a saddle fixed (or periodic) point p 0 of ϕ 0 , which is sectionally dissipative, is not C 4 -linearizable, that is, the eigenvalues of Dϕ 0 (p 0 ) are resonant, see [13] . Then there exists an appropriate arbitrarily small perturbation of the family {ϕ μ } such that it is possible to destroy the resonance and turn p μ , the continuation of the point p 0 , into a C 4 -linearizable one for almost every μ near zero. To be more specific: 
Remark 3.
The family {ψ μ } in the theorem, which is arbitrarily near to {ϕ μ } μ∈I , does not depend on the interval I . Denote by λ 1 , . . . , λ n the eigenvalues of Dϕ 0 (p 0 ). Suppose that p 0 is not C k linearizable, k 2. Then the eigenvalues satisfy the resonant conditions of Sternberg, see [13] , i.e. there exists j with 1 j n such that
Proof.
Consider the following holomorphic functions
, for all Z ∈ B ε (0) and Z = 0, for some ε > 0, where B ε (0) is the ball in C of radius ε and center 0. Notice that here ε depends on j and k i , i = 1, . . . , n with 2 n i=1 k i k and 1 j n. Then, ε depends on a finite number of conditions. Therefore, we can take ε sufficiently small such that h j (Z) = H (Z) for all Z ∈ B ε (0) and Z = 0. In fact, for ε small enough h j (Z) = H (Z) for all Z ∈ B ε (0).
On the other hand, let ψ μ : W → R n be a C ∞ family of local charts defined in a neighborhood W of p 0 with ψ μ (p 0 ) = 0, for all μ ∈ I . We take W sufficiently small so that ϕ j 0 (W ) ∩ W = ∅ for all 0 < j < n 0 , where n 0 is the period of p 0 . Let ξ be a C ∞ bump function on R satisfying
Let γ > 0 be a small constant such that B γ (0) ⊂ ψ μ (W ). We define the perturbed families {ϕ μ,t } by ϕ μ,t = f μ,t • ϕ μ , where
, for all y ∈ W . First observe that the eigenvalues of Dϕ
. . , (1 + t)λ n , where λ iμ and p μ are the continuation of λ i and p 0 , respectively, i = 1, . . . , n. We also have that ϕ 0,t is C k linearizable near p 0 for all 0 < |t| < ε, where ε is as above. We define
Claim. There exist intervals I ⊂ I around μ = 0 and
By the claim, we conclude that for all t ∈ J \ {countable set}, ϕ n 0 μ,t is C k linearizable for almost every μ ∈ I . 2
Proof of the claim. Recall that
Then, by the Implicit Function Theorem, there exist 0 < ε 0 ε and I ⊂ I , a subinterval with 0 ∈ I such that if 
Proof of the main result

Fixing some notation
Letφ be a C ∞ diffeomorphism that has a homoclinic tangency associated to a sectionally dissipative periodic point p 0 . Then, by Theorem 2.1, there exists ϕ, a C ∞ diffeomorphism, arbitrarily close toφ, exhibiting hyperbolic basic sets Λ 1 , Λ 2 and periodic points p 1 ∈ Λ 1 and p 2 ∈ Λ 2 satisfying items (a) to (d). Let U be a small neighborhood of ϕ yielding hyperbolic continuations of Λ 1 and Λ 2 , this means that there exists a C ∞ function Let U be a sufficiently small neighborhood of q, which is the quadratic tangent point between W u (p 1 , ϕ) and Furthermore, for each ψ ∈ U , the maps
are continuous in the C ∞ topology and the maps
Control of the orbits
As in the case of dimension two, we need, in higher dimension, some control of the orbits of strange attractors. Suppose that there isφ ∈ U with periodic points Q 1 ∈ B δ (p 1 ) ∩ Λ 1 and Q 2 ∈ B δ ∩ Λ 2 of periods k 1 and k 2 , respectively, such that W u (Q 1 ) and W s (Q 2 ) are tangent (quadratically) inside U . Assume thatφ k 1 is linearizable near Q 1 andφ k 2 linearizable near Q 2 . Take a one-parameter family {ϕ μ } ⊂ U , with ϕ 0 =φ, generically unfolding the tangency. By Theorems 3.1 and 3.2, there are a sequence of host intervals Ω n → 0, as n → +∞, subsets E n ⊂ Ω n with m(E n ) > 0 and integers k n → +∞ as n → +∞, such that for μ ∈ E n ,φ k n μ has a nonhyperbolic strange attractor A n = A n (μ) inside U . Then, as in the two-dimensional case, we can take U , U and δ sufficiently small such that for some n 0 > 0 sufficiently large we have, for all n n 0 , that
and ϕ μ (U )∩U = ∅ and ϕ −1 μ (U )∩U = ∅. This implies that any perturbation done inside U but outside a neighborhood of the strange attractor A n does not affect the remaining part of the orbit.
Persistence of the tangency
In this subsection we take U , U , and δ as in the previous section. Recall that ϕ has hyperbolic basic sets Λ 1 and Λ 2 with periodic points p 1 ∈ Λ 1 and p 2 ∈ Λ 2 satisfying items (a) to (d) of Theorem 2.1. Let U 2 be a neighborhood of
By C 1 we mean here that the tangent spaces to the leaves T z F s 2 (z) vary in C 1 fashion with the point z. F s 2 depends continuously on ψ ∈ U . Clearly we can take q, the point of tangency between W s (p 2 ) and W u (p 1 ), to belong to U 2 and U ⊂ U 2 .
Now we need the following kind of implicit function result, Lemma 4.1 (Implicit Function). Let X ⊂ R n be a compact set and I ⊂ R be a compact interval. Let F : X × I → R be an intrinsically C 1 map and (x 0 , t 0 ) ∈ X × int(I ) be such that
Then, there exist V ⊂ X, a compact neighborhood of x 0 , and a unique intrinsically
We apply this lemma in the following way. We define ξ s = ξ s (ψ) a C 1 vector field on U orthogonal to the leaves of [10] .
Then, the proof of Theorem B follows from Corollary 4.1 above and, the fact that, countable intersection of residual subsets is a residual subset. 2
Proof of the Main Lemma
The proof of the Main Lemma will be done by induction. In this subsection, B r denotes the ball of radius r, B r (x) denotes the ball of radius r and center x ∈ M and m denote the Lebesgue measure in R. We also denote by π 2ψ μ the restriction of π s ψ to π 1ψ (V 1 ). Let U , U as in the previous section and 
We will show that R 1 is open and dense in Z and R N +1 is open and dense in R N , for all N 1. Then, the proof of Main Lemma follows by taking R = N 1 R N , which is a residual subset of Z and for each Ψ = {ψ μ } ∈ R, there exists a sequence I ⊃ E 1 ⊃ E 2 ⊃ · · · ⊃ E N ⊃ · · · of compact sets as item (a) above. Therefore, for eachμ ∈ N 1 , ψ μ exhibits infinitely many strange attractors.
The openness of R N , is a consequence of the following fact: the linking property corresponds to an open condition (i.e. item (b), corresponds to an open property) and applying Lemma 3.1 to item (a) (i.e., corresponds to an open property). Now we will prove that R N +1 is dense in R N , N 1 (the proof also shows that R 1 is dense in Z; for that, for Ψ = {ψ μ } ∈ Z we take E 0 (Ψ ) = I , D s 0 the convex hull of K s ϕ , D u 0 = K u ϕ and proceed as below with N = 0). Let Ψ = {ψ μ } ∈ R N . We show that after four perturbation of the family {ψ μ }, to be described below, we get a family {ϕ μ } ∈ R N +1 C ∞ arbitrarily near to Ψ . (1) μ N ) ∩ B δ (p 1 ) and y ∈ Λ 2 (ψ (1) μ N ) ∩ B δ (p 2 ), is inside B r N+1 −2γ 2 . Then, there are periodic points Q 1 ∈ Λ 1 (ψ (1) μ N ) near x and Q 2 ∈ Λ 2 (ψ (1) μ N ) ∩ B δ (p 2 ) near y such that W u (Q 1 , ψ (1) μ N ) and W s (Q 2 , ψ (1) μ N ) cross B r N+1 −2γ 2 ⊂ B r N+1 and A(Q 2 ) V , ψ (1) Let n 1 and n 2 be the periods of Q 1 and Q 2 , respectively, and fix β > 0 small. Then, by Lemma 2.2 we obtain a one-parameter family of diffeomorphisms Ψ 2 = {ψ (2) μ } arbitrarily near Ψ 1 , and some β > 0, such that (ψ (2) μ ) n 1 is C k linearizable near Q 1 and (ψ (2) μ ) n 2 is C k linearizable near Q 2 , k 4, for almost every point μ ∈ [μ N − β, μ N + β]. Since Ψ 2 is arbitrarily near to Ψ 1 , and by Lemma 2.1 there exists a compact set E N (Ψ 2 ) with mE N (Ψ 2 ) > 0 and E N (Ψ 2 ) ⊂ [μ N − β, μ N + β] such that E N (Ψ 2 ) satisfies item (a) of induction hypothesis. Then, we consider μ N ∈ E N (Ψ 2 ) a total density point such that (ψ (2) μ N ) n 1 is C k linearizable near Q 1 and (ψ (2) Equally to the first perturbation, we define the diffeomorphismG α , for α small, bỹ 
